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1. Introduction
A classical result of Hölder [4] tells us that a ﬁnite group of square-free order is exactly a group
which has the form Zl:Zm , a semidirect product of a cyclic group Zl by a cyclic group Zm . In partic-
ular, a group of square-free order is meta-cyclic. A group is said to be of cube-free order if its order
is not divisible by the cube of any prime. In 2005, H. Dietrich and B. Eick [2] investigated the class
of groups of cube-free order, and among others, they presented an effective algorithm to classify the
groups of cube-free order. For example, this algorithm has been used to determine the cube-free
groups of order at most 10000. Also [2] shows that an unsolvable group G of cube-free order has the
form G = PSL(2, p) × L with L being of odd order.
The objective of this paper is to give a description for the class of groups of cube-free order,
especially for solvable groups, which in some sense complements the work of [2]. The description is
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for convenience, we write A:B:C = A:(B:C).
Theorem 1.1. A ﬁnite group G of cube-free order satisﬁes one of the following statements:
(i) G = (Za × Z2b):(Zc × Z2d),
(ii) G = (Za × Z2b):(Zc × Z2d):G2 , with G2 being a Sylow 2-subgroup of G,
(iii) G = PSL(2, p) × ((Za × Z2b):(Zc × Z2d)), with p ≡ ±3 (mod 8) being a prime,
where bd is square-free, and (ac,bd) = 1. More detailed conditions for the parameters a, b, c, d are given in
Theorems 3.9 and 3.10.
2. Preliminaries
We ﬁrst deﬁne some notation. For a group G , denote by Z(G) the center of G . For a group G and
a prime p, by Gp we mean a Sylow p-subgroup of G . For a positive integer l, denote by Zl and D2l
a cyclic group of order l and a dihedral group of order 2l.
For a group G , the Fitting subgroup F := Fit(G) is the largest nilpotent normal subgroup of G .
Clearly, each nilpotent group of cube-free order is abelian. Suppose that G is solvable. Then an impor-
tant property of its Fitting subgroup is that it is self-centralized, that is, CG(F ) F . Hence
G/F = G/(CG(F )F
)
Out(F ) = Out(F1) × · · · × Out(Ft),
where F = F1 × · · · × Ft is such that Fi is a Sylow pi-subgroup of F . Assume that |G| is not divis-
ible by p3 for any prime p. Then Fi has order dividing p2i , and thus the structural information of
subgroups of Out(Fi) is important in the study of G .
Let P be a p-group of order at most p2. Then P ∼= Zp , Zp2 or Z2p , and further, Aut(P ) ∼= Zp−1,
Zp(p−1) , or GL(2, p), respectively.
We need to identify subgroups of GL(2, p). For P ∼= Z22 or Z23, since GL(2,2) ∼= Z3:Z2 and GL(2,3) ∼=
Q8:S3, it is easy to identify the subgroups of Aut(P ). We thus only need to consider the case where
p  5.
Lemma 2.1. Let p  5, and let H be a solvable subgroup of GL(2, p) of order cube-free and co-prime to p. Then
one of the following holds.
(i) H ∼= Zl × Zm, where l and m divide p − 1.
(ii) H  Γ L(1, p2), and there exist two co-prime odd numbers a and b such that a|(p − 1), b|(p + 1)2′ , and
H is one of the groups:
Zb, Za × D2b, Z2a ×D2b, or Za × (Zb:Z4) with Z(Zb:Z4) ∼= Z2.
(iii) H  GL(1, p)  S2 , and there are odd natural numbers a and b dividing p − 1 such that H is one of the
groups:
Za ×D2b, Z2a × D2b, or Za × (Zb:Z4) with Z(Zb:Z4) ∼= Z2.
Moreover, if H is of odd order, then H is abelian.
Proof. Inspect subgroups H of GL(2, p) listed in Theorem 3.4 of [1]. If H is reducible, then H 
Zp :(Zp−1 × Zp−1), and so H is as in part (i).
Suppose that H  Γ L(1, p2) (∼= Zp2−1:Z2) is irreducible. By [6, Theorem 2.3.2], we conclude that
H is as in (ii).
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the structure of a Sylow 2-subgroup, we obtain that H is one of the groups listed in part (iii).
Finally, assume that H is an irreducible subgroup of symplectic type, that is, H  Zp−1 ◦ (Q8:Z3),
a central product. Since |H| is cube-free, it follows that H is cyclic. By [6, Theorem 2.3.2], H is a group
as in part (ii). 
Recall that a non-abelian group X is called perfect if X = X ′ , the commutator subgroup. A covering
group H of a simple group G is perfect and a central extension of G , refer to [3, p. 43].
Lemma 2.2. Let p  5 be a prime.
(1) An unsolvable subgroup of GL(2, p) contains SL(2, p) or SL(2,5); in particular, a perfect subgroup of
GL(2, p) is SL(2, p) or SL(2,5).
(2) A non-abelian simple group of cube-free order is PSL(2, p), where p + 1 and p − 1 are cube-free.
(3) The full covering group of PSL(2, p) is SL(2, p).
Proof. The statement of (1) is a consequence of Theorems 3.4 and 3.5 of [1]. The statements in (2)
and (3) are known, see, for example, [2] or [3, p. 302], respectively. 
3. Proof of Theorem 1.1
All groups considered in this section are ﬁnite groups of cube-free order. We ﬁrst consider groups
of order dividing p2q2, p, q different primes. Such groups have been more or less known, which are
characterized by Lemmas 3.1–3.3 and 3.7.
Lemma 3.1. Assume that G is a {2, p}-group, p  5. Then G = Gp :G2 .
Proof. If G2 is cyclic, by Burnside’s theorem, G is 2-nilpotent. Suppose that G2 ∼= Z2 × Z2. Since
Aut(Z22) ∼= Z3:Z2, G2 is self-normalized in G , and thus NG(G2) = CG(G2). Again, by Burnside’s theorem,
G is 2-nilpotent. 
Lemma 3.2. Assume that G = Gp :G2 with p  3 is non-abelian. Then one of the following holds:
(i) G = Gp :〈τ 〉 or (Gp :〈τ 〉) × Z2 , where Gp ∼= Z2p and tτ = t−1 for any t ∈ Gp ;
(ii) G is isomorphic to one of the groups:
D2p, D2p × Z2, D2p2 , D2p2 × Z2, D2p × Zp, D22p, D2p × Z2p;
Zp :Z4, or Zp2 :Z4, where Z(G) = 1 or Z2;
(Zp :Z4) × Zp, with Z(G) = Zp or Z2p;
(iii) G = 〈a,b〉:〈τ 〉 ∼= Z2p :Z4 , where either xτ = x−1 or xm with m4 ≡ 1 (mod p) for all x ∈ 〈a,b〉, or aτ = b
and bt = a−1 .
Proof. Assume that G is non-abelian. Notice that a Sylow p-subgroup Gp is isomorphic to Zp , Zp2
or Z2p .
Suppose that Gp ∼= Zp or Zp2 . Then Aut(Gp) is cyclic, and it follows that G is isomorphic to one of
the following groups:
Zp :Z2, Zp :Z4, (Zp :Z2) × Z2, Zp2 :Z2, Zp2 :Z4, (Zp2 :Z2) × Z2.
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Frobenius group or has center Z2. Hence each of these groups lies in part (ii).
Suppose now Gp = 〈a,b〉 ∼= Z2p . Note that a Sylow 2-subgroup G2 ∼= Z2, Z4 or Z22.
Assume ﬁrst that G2 = 〈τ 〉 ∼= Z2. Since G is non-abelian, τ does not centralize 〈a,b〉. If xτ =
y /∈ 〈x〉 for some element x ∈ 〈a,b〉, then (xy)τ = xy and (xy−1)τ = yx−1 = (xy−1)−1, and thus G =
〈xy−1, τ 〉×〈xy〉 ∼= D2p ×Zp , listed in part (ii). On the other hand, if xτ ∈ 〈x〉 for all elements x ∈ 〈a,b〉,
it follows that xτ = x−1, and hence G = Z2p :Z2 is a Frobenius group, as in part (i).
Let now G2 = 〈τ 〉 ∼= Z4. Since G is non-abelian, τ does not centralize at least one of a and b,
say τ does not centralize a. If 〈τ 〉 acts irreducibly on Gp ∼= Z2p , then aτ = x /∈ 〈a〉, and xτ = a−1,
listed in part (iii). Suppose that 〈τ 〉 acts reducibly on Gp . By Maschke’s theorem [7, p. 38], we may
assume that τ normalizes both 〈a〉 and 〈b〉. If τ centralizes no non-identity element of 〈a,b〉, it
follows that, for any element x ∈ 〈a,b〉, either xτ = xm where m4 ≡ 1 (mod p), or xτ = x−1, listed in
part (iii). If τ centralizes x ∈ 〈a,b〉 \ {1}, then G = 〈a, τ 〉 × 〈x〉 ∼= Zp :Z4 × Zp , and aτ = a−1 or am with
m4 ≡ 1 (mod p), listed in part (ii).
Finally, assume that G2 ∼= Z22. Then G ∼= Z2p :Z22. Suppose that G2 = Z22 acts faithfully on Z2p . By
Lemma 2.1(i), G2 = Z22 is reducible on Z2p . It follows that G ∼= (Zp :Z2) × (Zp :Z2) ∼= D22p , listed in
part (iii). Suppose that G2 = Z22 acts unfaithfully on Gp = Z2p . Then an involution u ∈ G2 central-
izes Gp , and as G is non-abelian, an involution v ∈ G2 does not centralize Gp . Hence G = Gp :G2 =
(Gp :〈v〉) × 〈u〉 ∼= (Z2p :Z2) × Z2. It then follows that either xv = x−1 for all elements x ∈ Gp which is
listed in part (i), or v centralizes some element x0 ∈ Gp \ {1}. For the latter, since G is non-abelian,
v does not centralize y0 ∈ Gp , and so G = 〈y0, v〉 × 〈x0〉 × 〈u〉 ∼= D2p × Z2p , listed in part (ii). 
It is easily shown that if G is a Frobenius group of order dividing p2q2 then G = Gp :Gq such that
Gp is the Frobenius kernel and Gq is a Frobenius complement. The next lemma presents a list of
groups of order dividing p2q2. For convenience of statement of the following lemma, we write Fn to
denote a Frobenius group of order n, where n is a suitable integer.
Lemma 3.3. Let G be a non-abelian {p,q}-group, where p, q are odd primes and p > q. Then G = Gp :Gq, and
one of the following holds:
(i) G is isomorphic to one of the groups:
Fpq, Fpq2 , Fpq × Zq, Fp2q, Fp2q2 , Fp2q × Zq,
Fpq × Zp, Fpq2 × Zp, Fpq × Zpq, or F2pq;
(ii) G = Zp :Zq2 , Zp2 :Zq2 , or Z2p :Zq2 , with Z(G) = Zq;
(iii) G = (Zp :Zq2 ) × Zp , with Z(G) = Zpq.
Proof. A q-Sylow subgroup of G is Zq , Zq2 or Z
2
q . Thus, Aut(Gq) ∼= Zq−1, Zq(q−1) or GL(2,q). Since
p > q  3, the order |Aut(Gq)| is co-prime to p. Hence NG(Gq)/CG(Gq) has order co-prime to p, and
it follows that NG(Gq) = CG(Gq). By Burnside’s theorem, G is q-nilpotent, and G = Gp :Gq .
Assume that Gp ∼= Zp or Zp2 . Then Aut(Gp) is cyclic, and since G is non-abelian, NG(Gp)/CG(Gp) ∼=
Zq or Zq2 . It follows that G is isomorphic to one of the groups:
Zp :Zq, Zp :Zq2 , (Zp :Zq) × Zq, Zp2 :Zq, Zp2 :Zq2 , (Zp2 :Zq) × Zq,
which can be rewritten as
Fpq, Fpq2 , Fpq × Zq, Fp2q, Fp2q2 , Fp2q × Zq, as in part (i); or
Zp :Zq2 , Zp2 :Zq2 , with Z(G) = Zq, as in part (ii).
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Assume ﬁrst that the action of Gq on Gp is faithful. If the action is irreducible, then Gq is cyclic
and |Gq| | (p + 1), G = Fp2q or Fp2q2 , as in part (i), see Lemma 2.1. Suppose the action of Gq on
Gp is reducible. By Maschke’s theorem, we may write Gp = 〈a,b〉 such that Gq normalizes both 〈a〉
and 〈b〉. Since no non-identity element of Gq centralizes Gp , it follows that G = Fpq × Zp , Fpq2 × Zp ,
or Fpq × Fpq , as in part (i).
Assume now that the action of Gq on Gp is unfaithful. Since G is non-abelian, Gq = Zq2 or Z2q , and
Z(G)  Zq . For Gq = Zq2 , we have G = Gp :Gq = Z2p :Zq2 . If Z(G) > Zq , then G = (Zp :Zq2 ) × Zp , as in
part (iii); if Z(G) = Zq , then G = Z2p :Zq2 , as in part (ii). Finally, consider the case Gq = Z2q . We have
G = (Z2p :Zq) × Zq . It follows that G = Fp2q × Zq , or Fpq × Zpq , as in part (i). 
A direct consequence of Lemma 3.3 is that a group of odd cube-free order has a Sylow tower of
supersolvable type.
Corollary 3.4. Let G be a group of odd cube-free order. Then G = Gp1 :Gp2 : · · · :Gpn , where pi ’s are primes
dividing |G| with p1 > p2 > · · · > pn.
Proof. Since G has odd order, G is solvable. Then choose Gp1 , . . . ,Gpn to be a Sylow system. For
each i > 1, since Gp1Gpi is a subgroup, by Lemma 3.3, Gp1Gpi = Gp1 :Gpi . It follows that Gp1 is nor-
malized by Gpi for each i > 1. Thus Gp1 is normal in G , and G = Gp1 :(Gp2Gp3 · · ·Gpn ) = Gp1 :Gp′1 .
Clearly, Gp′1 is also an odd cube-free order group. By induction, Gp′1 = Gp2 : · · · :Gpn . Then we have
G = Gp1 :Gp2 : · · · :Gpn . 
Now we characterize groups of odd cube-free order.
Lemma 3.5. Let G be a group of odd order. Then G = A:B, where A and B are abelian. Furthermore, A, B can
be chosen such that
(i) A is a characteristic subgroup of G;
(ii) for any primes p | |A| and q | |B|, we have p  q;
(iii) 3 does not divide |A|.
Proof. Let F be the Fitting subgroup of G . Then G = F .G , and F is abelian. Since G = G/F  Out(F )
and G is of odd order, it follows from Lemma 2.1 that G is abelian.
Let B be a minimal preimage of G under G → G , that is, B is a minimal subgroup of G such that
BF/F ∼= G . Then G = F B . Suppose that F ∩ B  Φ(B), the Frattini subgroup of B . Then there exists
a maximal subgroup H of B such that B = (F ∩ B)H since F ∩ B  B . Consequently, G = F B = F H ,
contrary to the minimal choice of B . Thus, F ∩ B Φ(B). Now B/B ∩ F ∼= G/F is abelian, and hence
B is nilpotent, see [5, III, Theorem 3.5]. Because B is of cube-free order, B is abelian.
Let r be a prime divisor of |F ∩ B|. Then a Sylow r-subgroup of F is isomorphic to Zr , otherwise,
B has a subgroup B1 such that G = F B1, contrary to the minimal choice of B . It follows that F ∩ B is a
Hall subgroup of F . Hence F has a Hall subgroup A such that F = A× (F ∩ B). Since A is characteristic
in F and F is characteristic in G , A is a characteristic subgroup of G . Therefore, G = A:B , as in the
lemma. By Corollary 3.4, we can require that A meets conditions (ii) and (iii).
This proves the lemma. 
Remark. Lemma 3.5 shows that we can require the smallest odd prime 3 does not divide |A|. How-
ever, the following example shows that a prime divisor of |B| is not necessarily strictly less than
prime divisors of |A|:
G = (Z23:Z11) × (Z11:Z5) ∼= (Z23 × Z11):(Z11:Z5).
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Lemma 3.6. Let G be a solvable group. Then G = G{2,3}′ :G{2,3} .
Proof. Since G is solvable, G has a set of Sylow subgroups G2,G3,Gp1 , . . . ,Gps such that any two of
these subgroups permute and G = G2G3Gp1 · · ·Gps with pi prime. Let G{2,3,p} be a Hall {2,3, p}-
subgroup of G , where p  5 which is a prime divisor of |G|. By Lemma 3.1, GpG2 = Gp :G2. By
Lemma 3.3, GpG3 = Gp :G3. It follows that G{2,3,p} = Gp :(G3G2) = Gp :G{2,3} . It follows that G =
(Gp1 · · ·Gps ):(G2G3) = G{2,3}′ :G{2,3} . Thus the lemma holds. 
The groups of order dividing 2232 are listed in the next lemma.
Lemma 3.7. Let G be a {2,3}-group which is not abelian. Then either
(i) G = Z22:G3 , or G ∼= A4 , A4 × Z3 , or Z22:Z9 with G/Z(G) = A4 , or
(ii) G = G3:G2 as in Lemma 3.2.
Proof. Assume that G is not 2-nilpotent. By Burnside’s theorem, a Sylow 2-subgroup G2 = Z22, and
NG(G2) > CG(G2). Since Aut(G2) ∼= S3, it follows that G/CG(G2) ∼= Z3. It is now easily shown that
G = G2:G3, and G ∼= A4, A4 × Z3, or Z22:Z9 with G/Z(G) = A4. 
Next, we analyze the structure of G according to the structure of G{2,3} .
Lemma 3.8. Suppose G is solvable. Then either
(i) G{2,3} = G3:G2 , and G = A:B:G2 , or
(ii) G{2,3} = G2:G3 is not abelian, and G ∼= (Z22 × A):B,
where A and B are both abelian of odd order.
Proof. By Lemma 3.6, G is 2-nilpotent. Then by Lemma 3.5, we have G2′ = A:B and A is characteristic
in G . Then G = G2′ :G2 = A:B:G2, as in part (i).
Assume that G{2,3} = G2:G3 is not abelian. By Lemma 3.7, a Sylow 2-subgroup G2 ∼= Z22 is minimal
normal in G{2,3} . Let Gp be a Sylow p-subgroup of G , where p  5. By Lemma 3.6, Gp is normal in
G{2,3,p} , and thus G{2,3,p} = Gp :G2:G3 ∼= Gp :Z22:G3.
Suppose that G2 does not centralize Gp . If G2 ∼= Z22 acts unfaithfully on Gp , then as G2 is min-
imal normal in G{2,3} , it follows that G2 centralizes Gp , which is a contradiction. Thus, G2 acts
faithfully on Gp , and so Gp ∼= Z2p . It follows from Lemma 2.1 that G3 centralizes Gp , that is,
CG{2,3} (Gp) = G3  G{2,3} which implies G{2,3} is abelian, a contradiction. Thus G2 centralizes Gp , and
further, G2 centralizes G{2,3}′ . It follows that G2 is normal in G , and by Lemma 3.6, we further have
G = G{2,3}′ :G{2,3} = (G2 × G{2,3}′ ):G3.
By Lemma 3.5, G{2,3}′ :G3 = G2′ = A:B , where A, B are abelian, such that 3 does not divide |A|.
Thus, A centralizes G2, and G = G2:A:B = (G2 × A):B , as in part (ii). 
Summarizing the above, we have the following result which is Theorem 1.1 in the solvable case.
Theorem 3.9. Let G be a solvable group of cube-free order. Then one of the following holds:
(i) G = (Za × Z2b):(Zc × Z2d) or (Z22 × Za × Z2b):(Zc × Z2d);
(ii) G = A:B:G2 = (Za × Z2b):(Zc × Z2d):G2 .
a, b, c, d are suitable odd integers such that (a,b) = (c,d) = 1, ac is cube-free, bd is square-free, prime divisors
of ab are not less than prime divisors of cd, and B contains a Sylow 3-subgroup of G.
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(2) A group G in Theorem 3.9(ii) is not meta-abelian and is decomposed into 3 layers. The follow-
ing are some typical examples.
(a) For a Frobenius group Zp :Zq , p, q different odd primes, the wreath product
A = (Zp :Zq)  Z2 = (Zp :Zq)2:Z2 = Z2p :Z2q :Z2
is of cube-free and is not meta-abelian.
(b) The group Zq  Z2 contains a dihedral subgroup D2q , and thus A has a subgroup that is not meta-
abelian:
B = Z2p :D2q.
(c) If 3 divides p + 1, then GL(2, p) has an irreducible subgroup S3 (= D6). Thus, AGL(2, p) has a
subgroup which is not meta-abelian:
C = Z2p :S3.
(d) Based on the group C in part (c), it is easy to construct a group
D = Z2p :Z3:Z4,
of which the center Z(D) = Z2.
Finally, we come to the case that G is unsolvable. As we mentioned in Introduction, it is shown
in [2] that G has the form PSL(2, p) × L, with L being of odd order. For the sake of completeness, we
give a shorter proof.
Theorem 3.10. An unsolvable group of cube-free order G has the form
G = PSL(2, p) × M,
where p is some suitable prime, and |M| is of odd order.
Proof. Let G be an unsolvable group of cube-free order. Suppose that the statement of the theorem
is not true. Let G be a minimal counterexample to the statement. It follows that G is not non-abelian
simple. Let N be a minimal normal subgroup of G . By Lemma 2.2(2), N is PSL(2, p) or elementary
abelian. Clearly, G/N has cube-free order.
Suppose ﬁrst that N = PSL(2, p). Then G/NCG(N)  Out(N) ∼= Z2. It follows that G = NCG(N) =
N × CG(N). Since CG(N) has odd order, CG(N) is solvable, contrary to the minimal choice of G .
Below, we suppose that N is elementary abelian. Then G/N is unsolvable. By the minimal choice
of G , G/N = T /N × H/N , where T /N is non-abelian simple and H/N is solvable. If T < G , again by
the minimal choice of G , T = S ×N where S is non-abelian simple. Consequently, G = S × H , contrary
to the minimal choice of G . Thus G = T , G/N is non-abelian simple. If G has another minimal normal
subgroup N0 distinct from N , then N0 is non-abelian simple and G = N0×N since G/N is non-abelian
simple. This is contrary to the minimal choice of G . Thus N is the unique minimal normal subgroup
of G . Since G/N is non-abelian simple, by Lemma 2.2(2), G/N ∼= PSL(2, p) for some prime p  5. If
CG(N) < G , then CG(N) = N since G/N is non-abelian simple. Consequently, G/N  Aut(N). If N is
cyclic, G/N is abelian, a contradiction. Thus N ∼= Z2q and PSL(2, p) ∼= G/N  GL(2,q) for some prime
q = p. By Lemma 2.2(1), G/N ∼= SL(2,q) or SL(2,5), however, both groups are not simple, a contradic-
tion. This contradiction implies that CG(N) = G , that is, N = Z(G). By the uniqueness of N , N  G ′  G ,
where G ′ is the commutator subgroup of G . Since G/N is non-abelian simple, G = G ′ is perfect. Then
108 S. Qiao, C.H. Li / Journal of Algebra 334 (2011) 101–108G is a covering group of G/Z(G) ∼= PSL(2, p). By Lemma 2.2(3), G ∼= SL(2, p). Consequently, 8||G|, this
is a contradiction.
Therefore, the statement of the theorem holds. 
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